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As an update to our previous calculation for spin J ≤ 2, we present the angular moments for
exclusive B → XJ`1`2, where `1 is a charged massless lepton and `2 is a charged or neutral massless
lepton, and XJ is a mesonic system with spin J ≤ 4. The expected applications include higher
resonances in the [Kpi] system in B0 → K−pi+µ−µ+ at LHCb in Run II, and in the [pipi] system for
B → pipi`−ν` at Belle II. For the J ≤ 2 case, we also provide a set of consistency relations among
the measured moments observables and validate them against the latest measurements from LHCb.
PACS numbers: 12.15.-y,12.10.Dm,13.20.-v,12.15.Hh
I. INTRODUCTION
With the advent of the next generation of B factories
at LHCb and Belle II, hitherto rare decays are quickly
shedding the “rare” tag. A good example is the fla-
vor changing neutral current decay B0 → K∗0µ−µ+ [1],
where the signal yield is expected to reach O(104) af-
ter Run II at LHCb. It is therefore pertinent to look
beyond the dominant hadronic resonant structures con-
tributing to rare or Cabibbo-suppressed B decays in the
electroweak penguin and semileptonic sectors, which, to-
gether we classify as B → XJ`1`2. The hadronic XJ
system here is typically [pipi] or [Kpi] and the leptons `1,2
are assumed massless. The goal of this paper is lay out
the formalism for performing angular analyses incorpo-
rating these higher spin states, from an experimentalist’s
perspective. The spin J ≤ 2 case was addressed in a pre-
vious work [2] and subsequently employed to to analyze
LHCb Run I [3] data in the B0 → K−pi+µ−µ+ mode,
with q2 ∈ [1.1, 6.0] GeV2 and mKpi ∈ [1330, 1530] MeV,
where S-, P - and D-waves occur in the [Kpi] system.
Here
√
q2 is the invariant di-lepton mass. The inter-
esting feature of the new LHCb data [3] is that it indi-
cates a non-dominant D-wave contribution, contary to
expectations from both existing B0 → J/ψK−pi+ [4] and
B0 → K−pi+γ [5, 6] data and previous theory work [7],
where the K∗2 (1430) state plays a dominant role in the
mKpi ∼ 1430 MeV region. The new results could point
toward a revised understanding of the underlying form-
factors.
The present paper extends the relevant observables to
spin J ≤ 4, exhausting to a high degree, the known
resonant structures listed in the PDG [8]. The moti-
vation to look at these higher spin states is the richer
spectrum of angular observables they offer. Belle has al-
ready observed the decay B− → f2(1270)`−ν` [9] while
BABAR has probed semileptonic B decays to excited
D∗∗ states [10]. Even higher spin structures such as
K∗4 (2045) [7] are expected to be accessible during the
ongoing Run II data-taking period at LHCb.
In addition, we also investigate the issue of the mea-
sured angular moments observables not being indepen-
dent variables. This results in a set of consistency rela-
tions among them. For the J ≤ 2 case, we provide eight
of these relations and validate them against the latest
measurements from LHCb [3].
II. THE ANGLE CONVENTIONS
Figure 1a shows the three concerned angles for the pro-
totypical B → X`1`2 decay, using the B0 → K−pi+`+`−
mode. The hadronic- and leptonic-side helicity angles
are θV and θ`, respectively, while χ is the dihedral an-
gle between the hadronic and leptonic decay planes. For
three-body decays on the hadronic side, such as ω → 3pi,
the normal to the decay plane defines the analyzing di-
rection. Following Ref. [11], in the mother B rest frame,
the back-to-back leptonic and hadronic systems share a
common yˆ axis, with opposite xˆ and zˆ. For the B (con-
taining a b-quark) in Fig. 1a, we follow the negatively
charged lepton to define the leptonic helicity angle θ`.
The hadronic helicity angle, θV is defined similarly. The
quadrant of the dihedral angle χ is fixed, by fixing the
azimuthal angle of the `− to be zero in the leptonic he-
licity frame. The azimuthal angle of the hadronic side
analyzer in the hadronic helicity frame then defines χ.
A. CP conjugation
For the CP conjugated decay B → X`1`2 in Fig. 1b,
we follow the charge-conjugated particles. That is, if we
followed the µ−/K− for the B, we follow the µ+/K+
for the B. This is shown in Fig. 1b. The expressions of
angular observables in terms of its corresponding ampli-
tudes remain the same during this procedure. However,
the amplitudes themselves are related by 1
Hηλ(δW , δS) = H
−η
−λ(−δW , δS), (1)
1 The conjugation relations for CP eigenstates B0
(s)
→ h+h−`+`−
are different and include additional mixing terms.
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FIG. 1: Angle conventions for the (a) B0 → K−pi+µ−µ+
(b) B0 → K+pi−µ+µ−. This serves the prototypical B →
X`1`2 topology in both semileptonic and electroweak penguin
analyses. The leptonic and hadronic frames are back-to-back
with a common yˆ axis.
where η = −1(+1) denotes the leptonic-side left(right)-
handed amplitudes and δW (δS) are the weak(strong)
phases. In the absence of direct CP violation, it can
be checked that the measured observables get a sign flip
for the terms odd in χ. For convenience, experimentalists
flip the sign of χ during the CP conjugation. This way,
in the absense of CP violation, the measured observables
are the same between the B and B decays and one can
conveniently merge the two datasets for the CP-averaged
measurements.
It is important to note that while reporting the helicity
amplitudes, it is pertinent to explicitly mention whether
the amplitudes correspond to the B or the B. The helic-
ity tags in the amplitudes are dictated by the underlying
couplings, and are not convention-dependent. For exam-
ple, in semileptonic decays the (V −A) structure ensures
that |H−| > |H+| for the B, involving an underlying b-
quark transition.
B. Conversion dictionary for semileptonic decays
The three commonly followed theory frameworks for
semi-leptonic decays are Gilman-Singleton (GS) [11],
Angle KS RB
θ` pi − θGS` θGS`
θV θ
GS
V θ
GS
V
χ pi + χGS pi + χGS
TABLE I: Translation dictionary between GS [11], KS [12]
and RB [13] conventions for the semileptonic B decay.
Angle LHCb B0 → K∗µ−µ+ “Theory”
θ` θ
GS
` pi − θGS`
θK θ
GS
V θ
GS
V
χ −χGS χGS
TABLE II: Translation dictionary between GS [11], LHCb
B0 → K∗µ+µ− [14, 15] and “theory” [16] conventions for
the electroweak penguin B decay. The latest LHCb B0 →
K−pi+µ−µ+ [3] paper follows the GS conventions.
Korner-Schuler (KS) [12] and Richman-Burchat
(RB) [13]. The charged lepton is always used to
define θ`. We follow the GS convention in this paper,
while the KS convention is mostly followed in semi-taonic
analyses. The translation between the three angles for
the B decays is given in Table I.
C. Conversion dictionary for electroweak penguin
decays
For electroweak penguins, there are existing LHCb
B0 → K∗µ−µ+ data [14, 15] with one particular con-
vention. The erstwhile theory community [16] used a dif-
ferent convention. The situation is further complicated
because, recently, theory papers have appeared [17, 18]
that use the LHCb B0 → K∗µ−µ+ conventions. With
reference to Fig. 1, the angle conventions for electroweak
penguins are listed in Table II. The negatively charged
lepton is used to define θ` for the B decay. We also note
that the latest LHCb B0 → K−pi+µ−µ+ [3] paper follows
the GS conventions.
III. THE 77 SPIN-4 SPDFG-MOMENTS
For the case where the XJ system comprises spin
states till spin J = 4, there are 26 complex amplitudes
{Sη, Hηλ , Dηλ, F ηλ , Gηλ}, where η = ±1 tags the handedness
of the leptonic side current, and λ ∈ {0,±1} is the he-
licity of the XJ system. The expressions for the helicity
amplitudes in terms of the underlying QCD form-factors
and Wilson coefficients can be found in Refs. [2, 7]. The
formalism of the moments expansion as in Ref. [2] for the
J ≤ 2 SPD-wave case is easily extended to the J ≤ 4
SPDFG-wave case. From the F -wave onwards, every
higher spin adds 18 moments and there are 77 angular
3moments for the spin-4 case. The differential rate is
dΓ
dq2dΩ
= C ×
{
77∑
i=1
fi(Ω)Γi(q
2)
}
(2a)
Γi(q
2) = ΓLi (q
2) + ηL→Ri Γ
R
i (q
2), (2b)
where the sign ηL→Ri = ±1 depends on the signature
of fi under θ` → pi + θ`. The orthonomal angular ba-
sis is constructed out of the the spherical harmonics
Y ml ≡ Y ml (θ`, χ) and the reduced spherical harmon-
ics Pml ≡
√
2piY ml (θV , 0). Following the notation as in
Ref. [2], the pre-factor is
C =
√
8pi|V |2k G2F q2BX
3m2B(4pi)
4
, (3)
where k is the breakup momentum if the B meson and
BX is the branching fraction of the XJ system into the
final hadronic states uder consideration. For semileptonic
b → q`−ν` decays, V ≡ Vbq, while for the electroweak
transition b→ s`−`+,
V ≡
( α
2pi
V ∗tsVtb
)
. (4)
To facilitate the discussion, we first redefine the
hadronic-side amplitudes as
a =
(
2S −
√
5D0 +
9
4
G0
)
(5a)
b =
(
2
√
3H0 − 3
√
7F0
)
(5b)
c =
(
3
√
5D0 − 45
2
G0
)
(5c)
d =
(
5
√
7F0
)
(5d)
e =
(
105
4
G0
)
(5e)
l± = ∓
(√
6H± −
√
21
2
F±
)
(5f)
m± = ∓
(√
30D± − 9
2
√
5G±
)
(5g)
n± = ∓
(
5
√
21
2
F±
)
(5h)
p± = ∓
(
21
√
5
2
G±
)
, (5i)
where, for sake of notational simplicity, we have removed
the η tag. For what follows, all amplitudes are under-
stood to have an additional η tag.
We next define the set of bilinears {αi, β±i , δi, Ui, Vi,
Xi, Ki, Li, 
±
j , Rj , Sj , Tj , Zj}, where i ∈ {0, . . . , 8} and
j ∈ {0, . . . , 7}. The expressions for these in terms of the
amplitudes are tabulated in App. A. We also define a set
of coefficients el and sl to construct the 77 orthonormal
basis moments in Tables III and IV. The numeric values
of the el and sl coefficents are also defined in App. B.
Table III lists the 41 moments for the SPD-wave case,
with additional contributions from the higher waves in-
corporated now. Table IV lists the additional 36 mo-
ments for the SPDFG case. The pattern is easily dis-
cernable now – from the F -wave onwards, each additional
higher wave adds 18 angular moments.
IV. CONISTENCY RELATIONS FOR
SPD-WAVES
A. The two-component notation
To facilitate the discussion, extending the notation de-
veloped in Ref. [19], we define the two-component com-
plex vectors for S-, P - and D-waves for electroweak pen-
guins:
s =
(
SL
SR∗
)
h‖ =
(
HL‖
HR∗‖
)
h⊥ =
(
HL⊥
−HR∗⊥
)
h0 =
(
HL0
HR∗0
)
d‖ =
(
DL‖
DR∗‖
)
d⊥ =
(
DL⊥
−DR∗⊥
)
d0 =
(
DL0
DR∗0
)
. (6)
The L(R) superscripts denote the left(LH)- and right-
handed(RH) amplitudes, respectively, and this structure
can be continued further to any spin-J . The physical ob-
servables will then be constructed out of bilinears formed
out of these two component objects.
B. The two-fold ambiguity and the 17 consistency
relations
For the charged di-lepton cases, since the final leptonic
spins are not measured but averaged over, the full rate
is invariant under the following global transformation of
each spin-J helicity amplitude:
Hη,Jλ →
(
H−η,J−λ
)∗
. (7)
For the electromagnetic cc¯ → `+`− decays, the LH and
RH amplitudes are equal and Eq. 7 represents the same
two-fold ambiguity as in the determination of β and βs
from B → J/ψKpi [20] and Bs → J/ψKK [21], respec-
tively.
The effect of this transformation on the two-
component vectors in Eq. 6 is that the top and bottom
rows get swapped. Therefore, for any pair {ni, nj} of the
two-component vectors, the observable Oij ≡ n†inj is in-
variant under ni → Uni, where the group of symmetry
4i fi(Ω) Γ
L,tr
i (q
2) ηL→Ri
1 P 00 Y
0
0 [U0 + e01U2 + e02U4 + e03U6 + e04U8] + (L→ R)
2 P 01 Y
0
0 [e10U1 + e11U3 + e12U5 + e13U7] ”
3 P 02 Y
0
0 [e20U2 + e21U4 + e22U6 + e23U8] ”
4 P 03 Y
0
0 [e30U3 + e31U5 + e32U7] ”
5 P 04 Y
0
0 [e40U4 + e41U6 + e42U8] ”
6 P 00 Y
0
2 [V0 + e01V2 + e02V4 + e03V6 + e04V8] ”
7 P 01 Y
0
2 [e10V1 + e11V3 + e12V5 + e13V7] ”
8 P 02 Y
0
2 [e20V2 + e21V4 + e22V6 + e23V8] ”
9 P 03 Y
0
2 [e30V3 + e31V5 + e32V7] ”
10 P 04 Y
0
2 [e40V4 + e41V6 + e42V8] ”
11 P 11
√
2Re(Y 12 ) [Z0 + s01Z2 + s02Z4 + s03Z6] ”
12 P 12
√
2Re(Y 12 ) [s10Z1 + s11Z3 + s12Z5 + s13Z7] ”
13 P 13
√
2Re(Y 12 ) [s20Z2 + s21Z4 + s22Z6] ”
14 P 14
√
2Re(Y 12 ) [s30Z3 + s31Z5 + s32Z7] ”
15 P 11
√
2 Im(Y 12 ) [S0 + s01S2 + s02S4 + s03S6] ”
16 P 12
√
2 Im(Y 12 ) [s10S1 + s11S3 + s12S5 + s13S7] ”
17 P 13
√
2 Im(Y 12 ) [s20S2 + s21S4 + s22S6] ”
18 P 14
√
2 Im(Y 12 ) [s30S3 + s31S5 + s32S7] ”
19 P 00
√
2Re(Y 22 ) [K0 + e01K2 + e02K4 + e03K6 + e04K8] ”
20 P 01
√
2Re(Y 22 ) [e10K1 + e11K3 + e12K5 + e13K7] ”
21 P 02
√
2Re(Y 22 ) [e20K2 + e21K4 + e22K6 + e23K8] ”
22 P 03
√
2Re(Y 22 ) [e30K3 + e31K5 + e32K7] ”
23 P 04
√
2Re(Y 22 ) [e40K4 + e41K6 + e42K8] ”
24 P 00
√
2 Im(Y 22 ) [L0 + e01L2 + e02L4 + e03L6 + e04L8] ”
25 P 01
√
2 Im(Y 22 ) [e10L1 + e11L3 + e12L5 + e13L7] ”
26 P 02
√
2 Im(Y 22 ) [e20L2 + e21L4 + e22L6 + e23L8] ”
27 P 03
√
2 Im(Y 22 ) [e30L3 + e31L5 + e32L7] ”
28 P 04
√
2 Im(Y 22 ) [e40L4 + e41L6 + e42L8] ”
29 P 00 Y
0
1 [X0 + e01X2 + e02X4 + e03X6 + e04X8] - (L→ R)
30 P 01 Y
0
1 [e10X1 + e11X3 + e12X5 + e13X7] ”
31 P 02 Y
0
1 [e20X2 + e21X4 + e22X6 + e23X8] ”
32 P 03 Y
0
1 [e30X3 + e31X5 + e32X7] ”
33 P 04 Y
0
1 [e40X4 + e41X6 + e42X8] ”
34 P 11
√
2Re(Y 11 ) [R0 + s01R2 + s02R4 + s03R6] ”
35 P 12
√
2Re(Y 11 ) [s10R1 + s11R3 + s12R5 + s13R7] ”
36 P 13
√
2Re(Y 11 ) [s20R2 + s21R4 + s22R6] ”
37 P 14
√
2Re(Y 11 ) [s30R3 + s31R5 + s32R7] ”
38 P 11
√
2 Im(Y 11 ) [T0 + s01T2 + s02T4 + s03T6] ”
39 P 12
√
2 Im(Y 11 ) [s10T1 + s11T3 + s12T5 + s13T7] ”
40 P 13
√
2 Im(Y 11 ) [s20T2 + s21T4 + s22T6] ”
41 P 14
√
2 Im(Y 11 ) [s30T3 + s31T5 + s32T7] ”
TABLE III: SPDFG-wave moments: the first 41 angular moments corresponding to those for the SPD-only case, extended to
include F - and G-wave contributions.
transformation is the group U(2) with ngen = 4 genera-
tors and all physical observables allowed in the angular
rate expression is of the type Oij .
For the SPD-wave case, with 14 amplitudes, there
are 2nA = 28 independent real variables and nobs =
2nA − ngen = 24 real observables. However, the number
of angular moments from Ref. [2] is nmom = 41. Hence,
there must be nrel = nmom−nobs = 17 relations amongst
the 41 observables.
C. The double-basis “trick”
The key towards finding these additional relations is
the fact that of the seven ni ∈ {h‖, h⊥, h0, d‖, d⊥, d0, s}
in Eq. 6, any two can be chosen as a basis set and the
rest can expressed as a linear combination. Denoting the
basis as {n1, n2}, any other ni can be written as
ni = ain1 + bin2, (8)
5i fi(Ω) Γ
L,tr
i (q
2) ηL→Ri
addition of F -wave
42 P 05 Y
0
0 [e50U5 + e51U7] + (L→ R)
43 P 06 Y
0
0 [e60U6 + e61U8] ”
44 P 05 Y
0
2 [e50V5 + e51V7] ”
45 P 06 Y
0
2 [e60V6 + e61V8] ”
46 P 15
√
2Re(Y 12 ) [s40Z4 + s41Z6] ”
47 P 16
√
2Re(Y 12 ) [s50Z5 + s51Z7] ”
48 P 15
√
2 Im(Y 12 ) [s40S4 + s41S6] ”
49 P 16
√
2 Im(Y 12 ) [s50S5 + s51S7] ”
50 P 05
√
2Re(Y 22 ) [e50K5 + e51K7] ”
51 P 06
√
2Re(Y 22 ) [e60K6 + e61K8] ”
52 P 05
√
2 Im(Y 22 ) [e50L5 + e51L7] ”
53 P 06
√
2 Im(Y 22 ) [e60L6 + e61L8] ”
54 P 05 Y
0
1 [e50X5 + e51X7] - (L→ R)
55 P 06 Y
0
1 [e60X6 + e61X8] ”
56 P 15
√
2Re(Y 11 ) [s40R4 + s41R6] ”
57 P 16
√
2Re(Y 11 ) [s50R5 + s51R7] ”
58 P 15
√
2 Im(Y 11 ) [s40T4 + s41T6] ”
59 P 16
√
2 Im(Y 11 ) [s50T5 + s51T7] ”
addition of G-wave
60 P 07 Y
0
0 e7U7 + (L→ R)
61 P 08 Y
0
0 e8U8 ”
62 P 07 Y
0
2 e7V7 ”
63 P 08 Y
0
2 e8V8 ”
64 P 17
√
2Re(Y 12 ) s61Z6 ”
65 P 18
√
2Re(Y 12 ) s7Z7 ”
66 P 17
√
2 Im(Y 12 ) e7L7 ”
67 P 18
√
2 Im(Y 12 ) e8L8 ”
68 P 07
√
2Re(Y 22 ) e7K7 ”
69 P 08
√
2Re(Y 22 ) e8K8 ”
70 P 07
√
2 Im(Y 22 ) e7L7 ”
71 P 08
√
2 Im(Y 22 ) e8L8 ”
72 P 07 Y
0
1 e7X7 - (L→ R)
73 P 08 Y
0
1 e8X8 ”
74 P 17
√
2Re(Y 11 ) s61R6 ”
75 P 18
√
2Re(Y 11 ) s7R7 ”
76 P 17
√
2 Im(Y 11 ) s61T6 ”
77 P 18
√
2 Im(Y 11 ) s7T7 ”
TABLE IV: SPDFG-wave moments: the 18 + 18 set of ad-
ditional moments over those in Table III for the SPD case.
where the coefficients ai, bi can be solved as [19]
ai =
|n2|2(n†1ni)− (n†1n2)(n†2ni)
|n1|2|n2|2 − |n†1n2|2
(9)
bi =
|n1|2(n†2ni)− (n†2n1)(n†1ni)
|n1|2|n2|2 − |n†1n2|2
(10)
Thus we have 5 real equations:
|ni|2 = ai(n†in1) + bi(n†in2), i ∈ {3, ..., 7} (11)
and 5C2 = 10 complex equations:
n†inj = aj(n
†
in1) + bj(n
†
in2), i, j ∈ {3, ..., 7} (12)
If one had expressions of all the relevant Re(n†inj) and
Im(n†inj) in terms of the observables, the above sets of
equations would yield all the relations.
For the pure P -wave case, the number of independent
observables is 8 and all the combinations n†inj can be
solved out in terms of the observables [19]. For the SP -
wave case, there are 12 independent onservables. Even
here, the combination Im(n†Sn0) is not given in terms
of any of the angular observables. It is fortuitous that
this combination is not needed to solve for the relations.
The minimal set of the 12 independent observables for
the SP -wave case was given in Ref. [19].
For the SPD-wave case, the situation is completely
different, and many of the n†inj combinations remain un-
solvable in terms of the observables.
D. Solving for the bilinears
For the SPD-wave case, we list below the known set
of bilinears that can be expressed in terms of the 41 Γi
6moments observables in Ref. [2]:
|d0|2 = 7
9
(
Γ5
2
−
√
5Γ10
)
(13.1)
|d‖|2 = 7
4
(√
5
3
Γ23 − 1
3
(√
5Γ10 + Γ5
))
(13.2)
|d⊥|2 = 7
4
(
−
√
5
3
Γ23 − 1
3
(√
5Γ10 + Γ5
))
(13.3)
|h‖|2 = 1
2
[
2
3
(
Γ1 +
√
5Γ6
)
+
7
6
(√
5Γ10 + Γ5
)
−
√
5
3
(
2Γ19 +
7
2
Γ23
)]
(13.4)
|h⊥|2 = 1
2
[
2
3
(
Γ1 +
√
5Γ6
)
+
7
6
(√
5Γ10 + Γ5
)
+
√
5
3
(
2Γ19 +
7
2
Γ23
)]
(13.5)
Re(d†‖h‖) =
5
6
[
1√
3
(
Γ2√
5
+ Γ7
)
− Γ20
]
(13.6)
Re(d†⊥h⊥) =
5
6
[
1√
3
(
Γ2√
5
+ Γ7
)
+ Γ20
]
(13.7)
Re(d†0h0) =
1
3
√
3
[√
35
2
Γ4 +
5√
3
(
Γ7 +
Γ2√
5
)]
(13.8)
Re(h†0s) = −
1
18
Γ2 −
√
21
9
Γ4 − 5
√
5
9
Γ7 (13.9)
Re(h†‖h⊥) =
5
12
(
−Γ29√
3
+
7√
15
Γ31
)
(13.10)
Im(h†‖h⊥) =
5
12
√
3
(√
5Γ24 − 7Γ26
)
(13.11)
Re(d†‖d⊥) = −
7
12
√
3
(
Γ29 +
√
5Γ31
)
(13.12)
Im(d†‖d⊥) =
7
12
√
5
3
(
Γ24 +
√
5Γ26
)
(13.13)
Re(d†0d‖) = −
7
√
2
6
Γ14 (13.14)
Im(d†0d‖) = −
7
3
√
10
Γ41 (13.15)
Re(d†0d⊥) =
7
3
√
10
Γ37 (13.16)
Im(d†0d⊥) =
7
√
2
6
Γ18 (13.17)
In particular (|h0|2 +
√
5Re(d†0s)) occurs together, so
|h0|2 can not be extracted. Also, (|h0|2 + |s|2) occurs to-
gether, so FS can not be extracted. The D-wave fraction
FD = (|d0|2 + |d⊥|2 + |d‖|2)/Γ1 (14)
is completely extractable however.
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FIG. 2: The significance of the seven Ri observables defined
in Eq. 15, integrated over the range q2 ∈ [1.1, 6.0] GeV2 and
mKpi ∈ [1330, 1530] MeV, as measured by LHCb in the mode
B0 → K−pi+µ−µ+ [3]. No significant deviation from zero is
seen, pointing to the internal consistency among the measure-
ments.
E. Relations among the observables
We first list the 7 linear relations below:
0 = R1 ≡ Γ25 +
√
7
3
Γ27 (15.1)
0 = R2 ≡ Γ20 +
√
7
3
Γ22 (15.2)
0 = R3 ≡
√
3
7
Γ30 + Γ32 (15.3)
0 = R4 ≡ 1√
5
(3Γ23 + Γ19) + Γ21 (15.4)
0 = R5 ≡ Γ3√
5
+ Γ8
+
3
5
[
(
√
5Γ10 + Γ5) +
1
3
(Γ1 +
√
5Γ6)
]
(15.5)
0 = R6 ≡ 3Γ28 +
(
Γ24 +
√
5Γ26
)
(15.6)
0 = R7 ≡ 3Γ33 +
(
Γ29 +
√
5Γ31
)
, (15.7)
where the Ri’s can be taken as new observables as func-
tions of q2 and mX whose measured values are expected
to be zero. A useful consistency check is therefore that
the experimental data show no significant deviation from
zero in these observables. Figure 2 shows the experi-
mentally measured significance (measured value divided
by its uncertainty) from LHCb [3] of the seven Ri ob-
servables integrated over the q2 range [1.1, 6.0] GeV2
and mKpi range [1330, 1530] MeV in the mode B
0 →
7K−pi+µ−µ+. All seven Ri observables are found consis-
tent with zero.
Next, we employ the method elaborated in Sec. IV C
using the basis {d0, d⊥} and ni = d‖. This yields the
following relation:
0 = R8 ≡
[(√
5
3
Γ23 +
√
5Γ10 + Γ5
3
)(
Γ214 +
Γ241
5
)
−
(
Γ5/2−
√
5Γ10
54
)(
(Γ29 +
√
5Γ31)
2 + 5(Γ24 +
√
5Γ26)
2
)]
+
2
3
√
15
[
(Γ37Γ14 + Γ18Γ41)
(
Γ29 +
√
5Γ31
)
+ (Γ37Γ41 − 5Γ18Γ14)
(
Γ24 +
√
5Γ26
)]
−
(√
5
3
Γ23 −
√
5Γ10 + Γ5
3
)[(
Γ5/2−
√
5Γ10
2
)(√
5
3
Γ23 +
√
5Γ10 + Γ5
3
)
+
(
Γ237
5
+ Γ218
)]
(16)
Since this relation is non-linear, it is not possible to val-
idate this from experimentally measured binned observ-
ables Γi that are integrated over a given q
2 andmX range.
Within the triplet, {d0, d⊥, d‖}, we have also checked that
all other combinations yield no new relation.
V. CONCLUSIONS
In conclusion, we have presented the the first full angu-
lar moments expansion for semileptonic and electroweak
penguin B → XJ`1`2 decays, where the XJ system can
be in a spin J ≤ 4 state. This will enable angular analyses
of even higher spin states towards New Physics searches
incorporating these new exited modes. We expect this
method to be directly employed in Run II analyses at
LHCb. Further applications can include B → pipi`−ν`
over a wide mpipi kinematic regime at Belle II, for extract-
ing |Vub| and right-handed current searches. The method
can also be used to directly probe the spin content of ex-
cited D∗∗ states in exclusive B → D∗∗`−ν` topologies
towards reconciling the existing gap between inclusive
and exclusive B → Xc`−ν` branching fractions [22].
The formalism also allows for internal consistency
checks, since the moments are not independent observ-
ables. In this paper we also validated the available con-
sistency checks for the latest LHCb analysis [3] involving
S-, P - and D-waves.
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Appendix A: Bilinear variables for the expansion
We list here the definitions of the various bilinears in
terms of the amplitudes given by Eq. 5.
α0 =
(|a|2) (A1a)
α1 = (ab
∗ + ba∗) (A1b)
α2 =
(
ac∗ + ca∗ + |b|2) (A1c)
α3 = (ad
∗ + da∗ + bc∗ + cb∗) (A1d)
α4 =
(
ae∗ + a∗e+ bd∗ + d∗b+ |c|2) (A1e)
α5 = (be
∗ + eb∗ + cd∗ + dc∗) (A1f)
α6 =
(
ce∗ + ec∗ + |d|2) (A1g)
α7 = (ed
∗ + e∗d) (A1h)
α8 =
(|e|2) (A1i)
δ0 =
(
l+l
∗
−
)
(A2a)
δ1 =
(
l+m
∗
− +m+l
∗
−
)
(A2b)
δ2 =
(
l+n
∗
− + n+l
∗
− +m+m
∗
− − l+l∗−
)
(A2c)
δ3 =
(
l+p
∗
− + p+l
∗
− +m+n
∗
− + n+m
∗
− − (l+m∗− +m+l∗−)
)
(A2d)
δ4 =
(
m+p
∗
− + p+m
∗
− + n+n
∗
− − (l+n∗− + n+l∗− +m+m∗−)
)
(A2e)
δ5 =
(
n+p
∗
− + p+n
∗
− − (l+p∗− + p+l∗− +m+n∗− + n+m∗−)
)
(A2f)
δ6 =
(
p+p
∗
− − (m+p∗− + p+m∗− + n+n∗−)
)
(A2g)
δ7 = −
(
n+p
∗
− + p+n
∗
−
)
(A2h)
δ8 = −
(
p+p
∗
−
)
(A2i)
8β±0 =
(|l±|2) (A3a)
β±1 =
(
l±m∗± + l
∗
±m±
)
(A3b)
β±2 =
(
l±n∗± + l
∗
±n± + |m±|2 − |l±|2
)
(A3c)
β±3 =
(
l±p∗± + l
∗
±p± +m±n
∗
± +m
∗
±n± − (l±m∗± + l∗±m±)
)
(A3d)
β±4 =
(
m±p∗± +m
∗
±p± + |n±|2 − (l±n∗± + l∗±n± + |m±|2)
)
(A3e)
β±5 =
(
n±p∗± + n
∗
±p± − (l±p∗± + l∗±p± +m±n∗± +m∗±n±)
)
(A3f)
β±6 =
(|p±|2 − (m±p∗± +m∗±p± + |n±|2)) (A3g)
β±7 = −
(
n±p∗± + n
∗
±p±
)
(A3h)
β±8 = −
(|p±|2) (A3i)
±0 = (l±a
∗) (A4a)
±1 = (l±b
∗ +m±a∗) (A4b)
±2 = (l±c
∗ + n±a∗ +m±b∗) (A4c)
±3 = (l±d
∗ + p±a∗ +m±c∗ + n±b∗) (A4d)
±4 = (m±d
∗ + p±b∗ + l±e∗ + n±c∗) (A4e)
±5 = (m±e
∗ + n±d∗ + p±c∗) (A4f)
±6 = (n±e
∗ + p±d∗) (A4g)
±7 = (p±e
∗) . (A4h)
These are used to further define the following combi-
nations
Ui =
αi + β
+
i + β
−
i
4
(A5a)
Vi =
β+i + β
−
i − 2αi
8
√
5
(A5b)
Xi = −
√
3
8
(β+i − β−i ) (A5c)
Ki =
1
4
√
3
5
Re(δi) (A5d)
Li = −1
4
√
3
5
Im(δi) (A5e)
Rj = −
Re(+j + 
−
j )
4
(A5f)
Sj = −
Im(+j + 
−
j )
4
√
5
(A5g)
Tj =
Im(+j − −j )
4
(A5h)
Zj =
Re(+j − −j )
4
√
5
, (A5i)
for i ∈ {0, . . . , 8} and j ∈ {0, . . . , 7}, that are employed
in the definition of the moments in Tables III and IV.
Appendix B: The numeric coefficients
Next, we define the coefficients el and sl:
e01 =
1
3
s01 =
1
5
(B1a)
e02 =
1
5
s02 =
3
35
(B1b)
e03 =
1
7
s03 =
1
21
(B1c)
e04 =
1
9
(B1d)
e10 =
1√
3
s10 =
1√
5
(B1e)
e11 =
√
3
5
s11 =
3
7
√
5
(B1f)
e12 =
√
3
7
s12 =
√
5
21
(B1g)
e13 =
1
3
√
3
s13 =
√
5
33
(B1h)
e20 =
2
3
√
5
s20 =
2
√
2
5
√
7
(B1i)
e21 =
4
7
√
5
s21 =
4
√
2
15
√
7
(B1j)
e22 =
10
21
√
5
s22 =
2
√
2
11
√
7
(B1k)
e23 =
40
99
√
5
(B1l)
e30 =
2
5
√
7
s30 =
2
√
2
7
√
15
(B1m)
e31 =
4
9
√
7
s31 =
4
√
10
77
√
3
(B1n)
e32 =
2
√
7
33
s32 =
2
√
30
143
(B1o)
e40 =
8
105
s40 =
8
21
√
55
(B1p)
e41 =
8
77
s41 =
8
√
5
91
√
11
(B1q)
e42 =
16
143
(B1r)
e50 =
8
63
√
11
s50 =
8
33
√
91
(B1s)
e51 =
8
39
√
11
s51 =
8
√
7
165
√
13
(B1t)
e60 =
16
231
√
13
s61 =
32
429
√
35
(B1u)
e61 =
64
495
√
13
s7 =
32
715
√
51
(B1v)
e7 =
16
429
√
15
(B1w)
e8 =
128
6435
√
17
(B1x)
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